Definition 0.1. O = p(G). Can also be, e.g., finite subsets, or compact subsets.
A

1 Worse-than

Instead of directly axiomatising rejection functions, with R(A) C A, we will
axiomatise a seemingly more general notion, which we might think of “I would
reject it were it to be available”

Here’s some other potential readings of g € W(A):

e ¢ is impermissible to choose from AU {g}: g € R(AU{g})

e g is dis-preferred to something in A.
This seems to have two different and incompatible readings when we’re
supervaluating over probabilities (or total comparative orders)
— There is something in A which I (det) prefer to g (Max)
— It is determinately true that there’s something which is preferable
(E-Ad)

I’'m not sure what a unifying underlying reading of this is.

e Supervaluating over a collection of comparative orders on G, which might
themselves be partial, and that there is some f € A such that g < f.

— But I wonder when we're constructing a model of someone’s opinions
when it’s right to put an incomparability into a determinate partial
comparative vs indeterminate what the total comparative is.

Main difference: not restricted to the members of A themselves. In fact, con-
tains any gambles weakly dominated by something in A. For the “epistemic”
interpretations, that’s entirely natural, for the choice-y ones, it’s just “add ¢”.

Is this the right name? Kevin calls ¢ € W(A) “set preference”, written
g < A.

Definition 1.1. W:0 — O

(Wy)
heW(A) = heW(A\{h}).

This is equivalent (given the other axioms!) to Aizerman’s.

feW(A)and he W(A) = he W(A\{f}).

2

lrecentre, scalar and convex; or rather,

2Thanks to Jasper, Arne and Arthur (via Arthur) for discussion and that we worked out
that this is the core additional content that that axiom adds on top of the remaining axioms.



(Wg)
h ¢ W(2)

(W>5) Suppose A C B, then

he W(A) = he W(B)

(Weonv) Suppose that for every g1 € A1, g2 € Aa, fig,,9,) € cONV({g1,92}). Then

heW(A) and h € W(As) = h € W({fig,.00 | (91, 92) € A1 x As})

Note: we can of course then extend this up to finite sets Ay, ..., A,. Maybe
we should directly state it that way, but I'm trying to stay close to a simple
K axiomatisation.

If we extend it to infinitely many simultaneously then we get representation
by a set of orders rather than a filter of them.

Also note: we replace the normal addition axiom of rejection functions
with this, because the addition axiom is only valid when it’s the 0 gamble
which we’re comparing too, whereas the conv one is valid for arbitrary h.
The addition one then follows for 0 by the conv (take half-half mixture)and
scalar.

(Wecalar) Suppose that for every g € A, A\; is a positive real value (scalar). Then

0eW(A) = 0 W({)gg|ge€ A}).

(Wiransiation) Let g be any member of G and A+ g:={f +g¢|f € A}. Then

heW(A) = h+geW(A+yg)

(W) Suppose g < f. Then g € W({f})
(Wx) Suppose that for each g € A, f, > g, then

he W(A) = heW({fy|ge€ A}).

I think this follows from the remaining when € is finite, or option sets
must be finite, or perhaps also when we have some inf conv axiom. Not
sure about the general case.

A

Remark 1.2 (Finite option sets). Then > can be deleted.

Also Conv and Scalar can be replaced by one gamble at a time versions.
They can then just be (by induction) all replaced to get the general versions.
This is what Arne and Jasper do.



(Wconv) Suppose f € Conv({glng})' Then
he W(AU{¢1}) and he W(AU{g2}) = heW(AU{f})

(Wgcalar) Suppose that A is a positive real value (scalar). Then

0e W(AU{g}) = 0 W(AU{Ag}).

A

Remark 1.3 (scalar axiom). Note that to make the scalar axiom not particular
for 0, we’d have to use:

he W(A) = heW{h+X(g—h)|geA}).
This is invalid:
heW(A) = heW({Nygl|geA}).
This one is valid:
he W(A) = MeW({)\g]|ge A}).

But it’s weaker.
Conv, however, does not need to be so-modified because convex combinations
are translation-invariant anyway. This is why we use Conv not Add. A

Proposition 1.4. T'-mazimin with a uniformly reqular set of probabilities satis-
fies everything except Translation. It does, however satisfy

(W const-translation) Let ¢ be a constant gamble and A+ c:={f +c| f € A}. Then
heW(A) = h+ceW(A+c).

Additional optional axioms:
(WEAd/Mixing)

h € W{(closure(A)) = h € W(A) (1)
h € W(conv(A)) = heW(A) (2)

(WMaXimality/Binariﬁcation) It f € W(A) then there is some ge A st f € W({g})

(WinfiniteClosure) What axiom gets us principal filters, i.e., a single set of dominating proba-
bilities/orders? L.e., in the E-Ad case, a credal set rather than probability
filter?

Infinite version of Conv axiom? I’d prefer something separated from the
idea of convexity, though.

Suppose (A4;)icr is a family of option sets and for every choice of o €
X, ey Aiy we have f, € conv{co(i) |i € I'}. Then

[he W(A;) for alli € I] = hEW({fUUEXAi}>.
iel



(WinfiniteClosureViaPicking) 18 this one equivalent? It’s valid, but not sure it entails the previous one.
T’ve just got rid of ‘conv’.

Suppose (4;)iecs is a family of option sets and for every choice of o €
X, ey Ais we have f, € {o(i) |i € I'}. Then

[heW(A;) forallie ] = heW({fgae XAJ) .
i€l
2 Rejection axioms

Interpretation of R: g is impermissible to choose from option set A
Not sure if I prever conv axiom v1 or v2

Definition 2.1. R: 0 — O

(Rrej)
R(A) C A.

(Ro)
f ¢ R({f})

(R>) Suppose A C B. Then

he R(A) = h € R(B).
(R>) Suppose g < f. Then

f,ge A = g€ R(A).
(R>) Suppose that for each g € A, f; > g. Then

heR(A) = heR({f,|gecA}).

(Reonv—v1) Suppose that for every g1 € A; and go € Az, fig, .y € conv({g1,g2}).
Then

h e R(Al) ﬂR(AQ) and h € {f<g1,g2> | <gl7g2> € A x AQ}
= 1€ R ({f(g02) | (91:92) € A1 x Ao}).

(Reonv—v2) Suppose that for every gi € A; and go € Az, fig, g,y € conv({g1,g2}).

Then
h e R(A; U {h}) N R(42 U {R})
= h € R({fig0 | (91,92) € AL x A2} U{R}).
Note: we can of course then extend this up to finite sets Aq,..., A,.



(Rscalar) Suppose that for every g € A, )\, is a positive real value. Then

0€ R(A) = 0e€ R({\9|g € A}).

(As 0 € R(A) C A, it is automatically in the scaled version. )
(Riransiation) Let g be any member of G and A+ g:={f +g|f € A}. Then

he R(A) = h+ge R(A+yg).

AN
Conjecture 2.2. The two foramlisms are interderivable:
And the axioms are then eqivalent.
Note: the \ axiom has gone because it follows from the others.3
Conjecture 2.3. When A is compact, these imply R(A) # A.
Proof Attempt. content... A

3 Equiv to K

K are gamble sets which contain something at least as good as 0: where 0 € W (A).

Definition 3.1. K C p(G) is coherent if it satisfies
Ke) @€ K

(Ko) fAeKand BD A, then Be K

)
(K\{O}) If A€ K then A \ {0} e kK.
(Kzo) If g € gzo, then {g} e kK.
(K>) Suppose that for each g € A, f, is some gamble where f, > ¢, Then

AeK = {fylge At ek

(Keconv) Suppose that for every gy € Ay and g2 € Aa, fig,,4,) € conv({g1,g2}).
Then
A1, A2 €K = {fig1,00) [ (91, 92) € A1 x A2} €K

Kgcalar) Suppose that for ever € A, )\, is a positive real value. Then
Yy g g

AeK = {Nglge A} ek.

3 Arthur.



Definition 3.2. o Ac Ky iff 0 € W(A)

o feWr(A)if A—fek
A

W has structure that IC doesn’t have, if recentre fails, for example I'-maximin.
All the structure of this I, however, is derivable from W.

Conjecture 3.3. W satisfying 7?7 are expressively equivalent to K

Conjecture 3.4. coherence axioms on K and W are equivalent.

Part 1
E-admissibility

4 underlying > are strict weak orders

4.1 Comparative
Proposition 4.1. Given
(<recentre) If f > g, then f+h = g+ h.
(<scalar) If [ > g, then \f = Mg for every A > 0.
the following axioms are equivalent:
(=mix) If af + (1 —a)g = h, where 0 < o < 1, then either f = h or g > h.
(<aad) If f+ g = 0, then either f =0 or g > 0.
(=negtrans) If f < g, then either f < h or h < g.
(<¢ransofincomp) The absence of < is transitive.

Proof. *+ We first use scalar to show that mix is equivalent to add: Indeed, if
f+ g > 0, then by scalar,
1/2f +1/2g = 0.

Hence (<mix) gives f > 0 or g = 0.
Conversely, suppose
af +(1—a)g > 0.

Then this is the sum of af and (1 — «)g. By the additive form,

af =0 or (1—a)g>0.

4proof written by ChatGPT



Since a > 0 and 1 — a > 0, scalar gives
f>=0 or g0
We now show that the additive form implies negative transitivity. Suppose
f=y
By recentring, this is equivalent to
g—f>0.

But
g—f=(@g—h)+(h-7f).
By the additive form, either

g—h>=0 or h—f>0.
Using recentring again, these are respectively equivalent to
h<g or f<h.

Therefore
f<g = h=<gorf=<h.

Conversely, assume negative transitivity. Suppose
f+g>0.
By recentring, this is equivalent to
—g =< f.
Apply negative transitivity with h = 0. Then either
0<f or —g=<0.
The first says

f>0.
The second, by recentring with g, says

0=y,
hence

g > 0.
So

f+g>=0 = f=0org>0.
O

Proposition 4.2. < is neg-trans, refl and trans iff it is the strict part of a total
preorder.

https://en.wikipedia.org/wiki/Weak_ordering#Strict_weak_orderings


https://en.wikipedia.org/wiki/Weak_ordering#Strict_weak_orderings

4.2 Stating for R
Arbitrarily choose gambles h, € G for each g € A. Consider:

(Kspiit) For every g € A, let hy be any member of G

Aek = {hg, g—hylge A} K.
The idea is that we have arbitrarily split each g into

gzhg"‘(g_hg)-

So if g > 0, then at least one of the two pieces must be > 0, by the additive
version of mix.
We could also phrase this axiom as

(Ksplitz) Suppose that h;, hg are such that g = h; + hg. Then
AeK = {hj,h) € A} e K.
Using scalings, we should similarly get the symmetric version:
AeK = {g9—hy, g+hg|lge A} e K.
Here the idea is that
9 =12(g = hg) +1/2(g + hy).
So, by the usual mix axiom, if g > 0, then at least one of

g — hyg, g+hy

must be > 0.
Thus this is just a special case of the usual mixing axiom, but written in a
useful split form.
What about the corresponding transitivity form? For a comparative order,
the relevant axiom is
f<9g = f<horh=<g.

The corresponding W-version is:
(Wepiit1) hg are arbitrary
feW(A) = feW(hy, f+g9—hglgeA}).
The idea is: if f € W(A), then for each relevant order there is some g € A with

f=g.



Applying the transitivity-style axiom to f < g and the arbitrary comparison
point hg,, we get
f=<hg or hg=<g.

The first disjunct already says that h, beats f. But W needs everything compared
to the same base point, in this case we're using f. So to express the second
disjunct, we use

f=<f+g—nhy
This is why the set in the W-axiom has the slightly odd-looking form
{hg, f+9g—hg|ge A}
The term f + g — hy is just the shifted version of hy < g.

(Weplit2) Suppose that hy, h?] are such that g = hj + h2. Then

_ 1, 32
g=[f+h,+hy

Then
feEW(A) = feW{f+h,, f+hl]lgeA}).

Proposition 4.3. Assume K satisfies the scalar aziom. Then the following are
equivalent for finite A.

(Kspiit) For every A € K and every choice of gambles hy € G for g € A,

{hg, g—hylge A} e K.

(Kconv—pullback) IfA ek and A - COI’\V(B), then

Bek.

Proof. First suppose (Kconv-puliback). Let A € K, and choose gambles h, for
each g € A. By scalar,

1 1
7A:_— b A .
5 {2g|g€ }EIC

But for every g € A,

L9 - hy),

1 1
—_ :—h
g g+2

2 2

S0
1
§A C conv{hy, g —hy|g e A}

Hence, by (Kconv—pullback)a
{h97 g_h‘g|g€A}€K'

So we get (Kgplit)-



Conversely, suppose (Kyppit). We first derive the finite mixing version. Sup-
pose B € K, and for every b € B we have a finite convex decomposition

np
b= Nal,
i=1

where each \? >0, >°, A\l =1, and a? € A.

Using (Kspliy) repeatedly, split each b into the pieces

Aab,  ASdb, L, )\Zbaflb.
At each step we are just using the identity
r=y+(z—y)

Therefore
(Nal|be B, 1<i<n}ek.

By the scalar axiom, we may divide each element by its positive coefficient )\f, SO
{a?|beB, 1<i<m}eK.
This set is a subset of A. Hence, by upward closure,

Aek.

Thus, whenever B € K and every member of B is a convex combination of
members of A, we get A € K. That is,

BeKand BCconv(d) = Aek.

O

Not sure the equivalence applies to infinite sets since each may have a different
numbering of splits and this is a step-by-step process so not sure how we do
unboundedly many splits “simultaneously”

If it doesn’t go to the infinite setting, here’s an axiom we could use:

(Kimiz—split) If each g = hé + ...+ hy? then

Ae K = ({h},....h}7|ge A}) ek

g7
Intuition, if g can be split into the pieces g = h; +...+ h;g then at least one

of those pieces must be positive. Note that it needs to be properly shifted to
compare to f. Use

(Wnig—spiit) If each g = f + (h; + ...+ hy?) then

fEWA) = feW({f+hy, ....f+h}e|geA})

10



Or, alternatvely, use the conv form
(Winiz—conv) If each g = Ajhy + ... + Ag?hg?, in the conv. then

feW(A) = feW({h,,...,h}e|ge A})

Intuition, if f < g and g can be split into the pieces g = hé + ...+ hy? then at
least one of those pieces must be > f, as its a linear order.

5 Archimedeanity - Openness of generating >

Proposition 5.1. Say < is open iff: if f < g then there is some € > 0 with
f<g—ce

That is, the D it corresponds to is an open set.
Proposition 5.2. W is generated by a set of orders each of which is open iff:

(Wopen> Iff € W(A> then f € W({g — € | g€ A,G > O}’)

(Wopen) If f € W(A) then and hy is a sequence converging topologically to g, then
feW(hy|geAn>0})

(Kopen) If A€ K then{g—€|ge A,e>0} € K

Note, that these two are the “mix-conv” and “mix-cl” from 4.5 of https:
//www . ccampbell-moore.com/papers/Probability%20Filters%20IJAR. pdf

6 E-Admissibility

Proposition 6.1 (7). W is generated from a probability filter with E-admissibility
iff it satisfies those axioms, including open and mizing.

It is generated from a credal set with E-admissibility iff it also satisfies the
infinite convex axiom.

11


https://www.ccampbell-moore.com/papers/Probability%20Filters%20IJAR.pdf
https://www.ccampbell-moore.com/papers/Probability%20Filters%20IJAR.pdf
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